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1. INTRODUCTION

The ever-decreasing cost of hardware suitable for digital signal
processing of analog data provides an impetus to study applications
of such hardware to power system metering and relaying. Although the
relaying area receives much attention in this respect, there is no
published research on simple digital signal processing techniques which

are suitable for revenue metering.

This paper presents a computationally efficient and extremely accur-
ate algorithm for the computation of real and reactive power (P, Q) from
voltage and current. A theoretical development, and analyses of the
effects of noise, harmonics and averaging are presented. Simulation
results are also presented and discussed. The algorithm is quite simple;
straightforward implementation of it in a low-cost microprocessor is
feasible. Accuracies better than 0.1% are attainable.

Although the algorithm was originally developed with substation meter-
ing in mind, other applicaticns could include residential metering,

laboratory measurements, and protective relaying.



2. ALGORITHM DEVELOPMENT

The purpose of this algorithm is to provide a computationally con-
venient yet accurate means to determine real power, P, and reactive power,
G, given a sinusoidal voltage across and current through a load repre-
sented by a linear impedance. Since the algorithm is to be implemented
in a digital processor, the algorithm must accept sampled data derived
from the voltage and current waveforms. In the development which fol-
Tows, a time-continuous algorithm is presented first. Then, it is adapted
to provide time-discrete processing of input data derived from the time-
continuous voltage and current waveforms by two different sampling methods.
The sampling methods are: impulse sampling of Tow-pass-filtered inputs,
and integrate-and-dump sampling of the inputs.

2.1 Time-Continuous Algorithm Development

Let v(t) =V sin (wt + ¢) and i(t) = I sin (wt + ¢ -6) be the (1) (2)
voltage and current waveforms from which P and Q are to be determined.
Consider two Walsh functions, SAL(t) and CAL(t) defined by:

SAL({t) = 1 0<t<1/2 (3)
= -1 1/2 <t <1
CAL(t) = 1 0 <t<1/4; 3/4 <t <] (4)
= -] 1/4 <t < 3/4 .
Correlate v{t) with SAL(%%) and with CAL(%%) over one cycle to
provide correlation coefficients SV and CV :
27/6)
_ wty oy o 4V
SV = & v(t)SAL(zﬂ)dt o Cos ¢ (5)
[o]
21 /W
_ whygp - A o
CV = gv(t)CAL(2ﬁ)dt 5 sin o (6)

O

Similar correlations of i(t) with the Walsh functions yield:

S, = - cos (o-0) (7)

C. = 2= sin (¢-0) . (8)



The correlation coefficients can be used to find P and Q. First,
note that with v(t) and i{t) as described earlier,

p = X}- cos 0

Q 5 sin 0 .

Define A = SVSI and B = CVCI .

Then,
A = (%)2 vi cos ¢ cos (¢-0) .
= (%)2 vi (cos? ¢ cos 8 + cos ¢ sin ¢ sin )
and
B = ()2 vr (sin? ¢ cos 8 - cos ¢ sin ¢ sin 6) .

W
The sum (A+B) provides an expression proportional to the power P :

A+B = (%}2 vi (sin? ¢ cos 6 + cos® ¢ cos 0)
= (4)? vi cos 0 .

But, -
p %;' c0s 6, SO:

{i

P =172 (AB)()? = 1/2 (P? (S,5+ C.C) . (9)

Similar steps yield:
- Wy2 -
Q=172 ()7 (€S, -5.C) . (10)

2.2 Time-Discrete Algorithm Development

If the correlation coefficients SV, Cv’ SI, and CI can be found
from the input data, then (9) and (10) provide simple means to obtain
P and Q. Consider how to determine these correlation coefficients.

The correlation SAL(%%) with v(t) is:

2T/W /W 2n/w

SV = E.v(t)SAL(%%)dt = g v(t)dt - S v(it)dt an
[e) o) /W

and the correlation of CAL(%%J with v(t) is:
/20 3/ 20 20 /W

C, = Sv(t)dt - Sv(t)dt + Sv(t)dt . (12)
o /20 31/ 20



- (k) / 2w
Let Xy 7 3 vit)dt (13)
kar/ 2w

Each Xy represents the integral of the input voltage v(t) over a
one-fourth cycle period of time.
Substitution of (13) inte (11) and (12) yields:

%z
I

(%, + %) = (x, +x5) (14)

0 2

Lt Xz) + X, (15)

C =x_- {x

Thus, the correlation coefficients are easily obtained from time-
discrete data X - The Xy values are samples derived from v(t) by
integrating v(t) over successive one-quarter cycle time periods. A
circuit which performs this sampling function (an integrate-and-dump
sampler) is easily constructed, and is generally simpler than an adequate

low-pass anti-aliasing filter followed by an impulse sampler.

The same sampling procedure must be applied to the current wave-

form to obtain integrate-and-dump current samples.

That is, let

(k+1)n/2w
Yy = & i(t)dt (16)
ka
200
then
5.7 (yg tyy) - (v, +yy) (17)
Comyy - vy Ty,) +yg (18)

Suppose it is desired to apply the algorithm to samples of v(t)
and i(t) obtained by low-pass filtering and impulse sampling the inputs.
Assume the inputs are given by (1) and (2), and that the low-pass
filters introduce a phase shift ¢ and a gain G at the input frequency w.
Then, the values of samples taken at a sampling rate of N samples per
cycle are:

v, = GV sin(g§5-+ b - V) (19)



ik = GI sin

If a time discrete correlation of the Vi samples is performed

(

2wk

Kt -0 -w)

with samples of the SAL function, then, witho =¢ - ¢ ,

S 1
\Y

i

sin

o

Correlation with samples of the CAL function yields:

C

2GY

= Ao gin( o+ o
T ( N

s

0
N

The corresponding current

The primes denote the correlation coefficients are obtained from

impulse-sampled data.

If (21-24) are used to compute P and Q, using the same approach

n

)

correlation results are:

il
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that lead to (9) and (10), then:
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If a sampling rate of four samples per cycle (N = 4) is used,

then:
I - f ot s ' ' /
P=1cw {Sv 5; F Cy Cz) (27)
Q = —2=r (C! SL - S CY) (28)
16 G2 v 71 v 1 ’

and the correlation coefficients are found from the samples using

(14, 15, 17, 18) by replacing the integrate-and-dump samples with
the impulse samples.

2.3 Algorithm Summary
1) Sample v(t), i(t) using either integrate-and-dump sampling or
impulse sampling at a rate of four samples per cycle.

2) Compute the correlation coefficients Sv’ Cv’ S
(14, 15, 17, 18).

I CI using

3) From the correlation coefficients, compute P and Q using either
(9, 10) or (25, 26).

The algorithm is computationally efficient. To find P and Q once
per cycle, the computer must perform fourteen signed additions and four
%)

4
which may be included by analog scaling of the input quantities or by

signed multiplications. This neglects the scaling terms (e.g. %(

digital scaling of the outputs.

If P and Q are required less frequently, say, once per second,
averaging can be applied to either the P and ( outputs or to the corre-
lation coefficients. In the latter case, the number of multiplications
per unit time is reduced by the number of cycles averaged. Averaging
techniques are analyzed in the next section.



3. ALGORITHM ANALYSIS

The effects of noise, averaging, and harmonics on the performance

of the algorithm are treated in the next sections.

3.1 Noise Analysis

If the inputs defined by (1,2) are corrupted by additive white
noise, then

<
o
o+
e
it

Vsin(wt + ¢) +n (t)

—ts
-
-+
—
il

I sin{wt + ¢) + nI(t)

Assume the noise terms are stationary , zero mean and independent
random processes. Then the expected values of v(t), i(t) are

E[v(t)]

i

V sin(wt + ¢)

E[i(t)]

Since the correlations defined by (5, 6) are linear and time-

it

I sin{wt + ¢ - 9)

invariant,

-4V
E[SV] =~ COS ¢

_ 4V

E[CV] = z:—sin ¢

The autocorrelation function for nv(t) is given by

(t),

where §(t) is the Dirac delta function, and N, is the power

Rv(t) = NVS

spectral density of the noise on the voltage signal. The effective
value of the noise is, therefore

N 2
o, = N, §(0).

The variance of the correlation coefficient SV, denoted og is

v
2 - F _ 27
osv = F {(sV E(SV)) }
/0 27T /W
= E {(j' n, (Hdt - j' n (tydt)?}
A
0 m/W



w/w S w 2H/w 2H/©

=F { n {o)n {(u)dodu + n {o)n_(u)dodu
jﬁ '5'0 ! ! jw/m j‘ﬁ/w ! '

T/w 20/
-2 5 n,(o)do g n,(u)du }
o /W
T/ /W 2n/w 2n/w
= {j j’ R, (0-u)dodu + g }' R, (0-u)dodu } (37)
o) Ie} /W /W
Using (35),
2 N 20
OSV -—NVw ; (38)
Similar analyses yield the results:
2 YL
OCV = NS (39)
2 2
Osz —NI(JJ (40)
2 2m
OcI S (41)

These variances may be used, along with (9, 10) to determine the
variances of P and Q:

a; = E {(P-EMP)*} (42)

= 1A ELL(S,S, + €0 - (5,5, + CC)I7 )

v I vV I
- Wyn 204Iyv2 . 2¢4Vy2 4 o 2 2
a@)t [o2(8)2 + o2 (29)7 + 202 02]
where o2 = g2 =¢g2 ; o2 =0% =02
v Sy CV I sI CI

Using the substitutions (38-41),

v 1

N N_w?
|

G2 = N Ia + N Vo +
32 |V T



A signal-to-noise ratio can be defined by:

2
SNR_ = 4

p 2
°p

P)

8V?1? cos?6

2 2 Tw ,
ﬂw[(NVI + NV ) + 2 (NVNI)] . (44)
As an example, let V=1=1,0 =0, w =377 and N = 1074
watts/radian/second. Then,
SNRp = 33.28 . (45)

It is informative to compare the signal-to-noise ratio (44)
obtained using the algorithm with the signal-to-noise ratio obtained
by direct computation of P. That is, let the true power averaged over
one cycle be

w 27 /W '
Po= ﬁf v(t)i(t)dt . (46)
O

Then, the signal-to-noise ratio obtained using (46) and inputs (29,30)
can be determined. Note E(Pa) = 172 VI cos 6, as before. The variance
of Pa is now determined:

2

g
a

il

E([P, - E(P)T? ] (47)

fl

W (32 2 RORY)
41 (1 Nv v NI) * (2w) NVNI :

The signal-to-noise ratio is:

2p
sie_ = Ela)
a 2
0]
a
~ V212 cos? (48)
WON T2 + NVZ + 2NN ]
TV i T OVT
The signal-to-noise ratios of (44) and (48) can be compared by
forming the ratio:
2 2 W
SNRp i} 8[NVI + NIV + T NVNI] (49)
SRy WIN I ANV NN T
v I 4 v

-9.



If we assume N = N_ =N, and if V = I = X, then

v T
SN%P = (By2xy+l (50
SNR_ ~ ‘w2l > ’ )
_ a 2y +1no/4
where
_ B X
Y = SMNRygpur T
— N
27

For y = 10, the ratio (50) is about 0.76. In the Timit as y
approaches infinity, the ratio is about 0.81. Thus, the algorithm
performance in the presence of uncorrelated, white gaussian noise
is nearly the same as the average power definition performance (46).

In practical applications, the values of P and Q are probably not
required once every cycle. Instead, average values every ten or 60
cycles might be more useful. Consider now two ways of obtaining
average values over k cycles.

Method 1: Define an average power over k cycles by:

~ K
P = "k‘ EJP_i B (5])
i=1

ot

Method 2: Find k-cycle averages of the correlation coefficients:

S, T ¥ :gd Svi , etc. (52)
i=1

Then, using these averages, compute power using (9,10).
The noise performance of these two methods is now compared.

Method 1. Simple averaging effectively reduces the variance of P
by a factor equal to the number of cycles of averaging. Thus, the
signal-to~noise ratio for a k-cycle average is:

2
SNR_(K) = k SNR_ = KEZ(P
p p g2

P

(53)

Method 2. The averaging process reduces the variances o2 , o? , o2 , o2

v v SI CI

by 1/k. Therefore, the variance of P, computed using averaged values of the
correlation coefficients 1is:

-10-



m™N N_w

2y = W 2 2 v I
017 (k) = DN TE NV e T (54)

The signal-to-noise ratio is now:

2
SiR' (k) = EAP) (55)
P 5
p
The signal-to-noise ratios for the two methods may be compared
by forming the ratioy .
SR, (k) oéz
P = T =
SNRp(k) kgg
N N_w
2 2 vV I
_ Ny NV (56)
, , WNVNIw
NVI + NIV 3
XZ
As before, let N =N_=N, V=1=Xand y = Then,
v I W
b Bk
Y+§_ (57)
For v = 10 and k = 10, (57) yields ¢ = 0.90. Thus, Method 1
averaging does not offer as much improvement as Method 2. For
v =10 and a one-second period average, k = 60 and y = 0.89.
If the example following (44), which yielded SNRp = 33.28 is
modified by applying Method 2 averaging with k = 60, then
SNR& (60) = 1968. (58)

Had Method 1 been used, the SNR would have been about two percent

Tower.

Note for large y (i.e., large input signal-to-noise ratios)
the choice of method of averaging has 1little effect on the output
SNR. However, the computational burden of Method 2 is much less
than Method 1. It is fortunate Method 2 also offers better per-

formancel

-11-



3.2 Harmonic Analysis

The SAL and CAL Correlation processes are linear, so the

. S CI), due

values of the correlation coefficients (Sv’ CV

-
to an input which is the sum of harmonic terms and the funda-
mental, can be determined by superposition. However, P and @
are not linear functions of the correlation coefficients, so
superposition cannot be applied to determine P and Q.

In the following analysis, the correlation coefficients are
determined for sinusoidal inputs which are harmonically related
to the fundamental, but at arbitrary phase and amplitude. Then,
under particular conditions, the effect of harmonics is illus-
trated.

Let vk(t)

Vk sin (kot + ¢k)

ék(t) = Ik sin (kwt + O - ek)

represent sinusoidal voltages and currents at the k™ harmonic
of the fundamental. Using the same procedure as before the
correlation coefficients are:

_ 4Vk
Suk = R €05 9y
k-1
Vk LA
Cvk = 4kw (-1) 2 sin P
k odd
41k
Stk = ke €08 (0 = 8y)
k-1
2 ALk oy o
CIk = (-1) sin ¢k

For k even, SVk = Cvk = SIk = CIk = (0,

Consider the P and Q values due to sinusoidal voltage and

current at harmonic k oniy; that is, all other harmonics are zero.

Then,
1
P, = — V. I, co0s 6
and
Qk = ~l-Vka sin Gk , for all odd k.

2k?

For k even, P, = G, = 0.
I ¢ k
-12-



Observe that for k = 1, the correct values for P and Q are obtained.
For k = 0, the P and Q values are zero. This can be interpreted to
mean the algorithm cannot detect any DC power component which might
exist. Furthermore, for other even values of k, the P and Q values
are also zero. Thus, the algorithm is insensitive to power flow at
even harmonics of system frequency.

For k odd, the P and Q values are attenuated by a factor (1/7k)?
from their true values.

Consider now the superposition of two sinusoidal inputs. Let

it

v(t) = v (t) + v (t) =V sin (wt +¢) + Vg sin (3wt + 6)

1
i(t) = i (t) + i,(t)
;s C

1

I. sin (wt + ¢,- 61) + 13 sin (3wt + ¢, - 89,

1 3 1

3 S ; C the correlation coefficients

d
and denote by S vi,2 3 511,73 1,3

vi,3
resulting from these inputs. These inputs represent a fundamental
frequency component and a third harmonic component.

By superposition of correlation coefficients Sv1,3 = SVl + SV3 , etc.
Thus,

_ w
Pl 3-l/2 (ﬁ) [SVl,B SIl,3 * CVl,3 CIl,3] (67)

4

=P+ P,y + 1/6[V31l cos (¢l Ty - 61) + V1, cos (¢l t by - 93)].

(This result verifies the previous statement that the principle of

superposition cnnnot be applied to find P1 3 from Pl and P3 )

As an example, consider the power dissipated in a one-ohm resistor

from two voltage sources in series. Assume v, = 1, vy = 0.1, ¢, = ¢y -
Then Il =1, 13 = 0.1 and 6, = 6y - 0. Using these data,
U SR S
P1,3 S+ e50 t 6 (0.1 +0.7)

it

0.5339 watts.
The true value is:

I D S
PTRUE =5 * 35 0.55 watts.

Thus, an error of 3% is incurred.

-13-



If the one-chm resistor is replaced with an impedance Z = Rtjul

and if we let g = @gggz at the fundamental frequency, and if
R
o= v3/vl , then the ratio of the power P1,3 to the true power PTRUE
given by:
P1,3 _ {o+3)" +8 (a+ 3){a+ 27)

P rroE 9[{a + 1) + B (o + 9)]

Using this expression, it can be shown that ten percent third harmonic
produces about two-to-three percent error for 0 < 8 < 100. For

twenty percent third harmonic, with 0 < g < 100, the error is about
five percent.

~-14-



4. Simulation
A computer program was developed to test the revenue metering
algorithm by simulation. The simulation verifies the theory of the
algorithm is sound, and provides a convenient means of determining

the effects of quantization caused by an analog-to-digital converter.

Pure sinusoidal voltage and current inputs are sampled four times
per cycle using the integrate-and-dump sampling technique. These samples
are quantized by a quantizer having selectable resolution. Then, the
algorithm is applied to the quantized sampled data.

To accomodate transient data and overrange conditions, the Timits
of the voltage quantizer were set to 1.5 times the peak value of a one
per-unit input. The current limits were set to three times the peak
value of a one per-unit input. These scaling conditions do not take
full advantage of the quantizer range. Therefore, one per-unit voltage
and current inputs do not correspond to a "full scale" condition, and
therefore, do not provide maximum accuracy conditions. However, these
conditions seem realistic from an applications standpoint.

Tables 1, 2 and 3 present the percent error between the true power
and the computed power as a function of the resolution of the quantizer
and the power factor. The resolution of the quantizer, N, is the number
of bits in the binary representation. For example, N = 8 means the data
are quantized into one of 2% = 256 levels between the quantizer lower and

upper limits.

Table 1 data reveal that at normal full Toad input levels even an
eight-bit ADC could provide reasonable accuracy. However, for a current
input of T = 0.7 p.u., the eight-and-ten bit resolution tests show serious
accuracy degradation, as can be seen in Table 2.

The Table 3 data were obtained with I =0.01 p.u. Note this corresponds
to one percent of full load, or about one-fourth percent of "full scale."
Yet the twelve-and-fourteen bit resolution tests demonstrate what is
thought to be more than adequate accuracy at such a Tow input Tevel.

-15-



9 pf N=8 IN=10 {N=12 |N=14
0 1 -1.12 0.11 0.01 0.01
30 0.866 ~1.04 -0.15 -0.05 0.03
60 0.5 -1.12 .12 -0.19 -0.03

Table 1. Percent Error in Power for Various Quantizer Resolutions (N)
and Power Factors. V =1, 1
0 pf N=8 IN=10 {N=12 [N=14
0 1 -1.12 -0.71 0.61 -0.05
30 0.866 -4.86 -4.46 0.42 0.17
60 0.50 ~-1.12 -0.71 0.67 ~0.02
Table 2. Percent Error in Power for Various Quantizer Resolutions (N)
and Power Factors. V =1, 1 = 0.1
$ pf N = N=10 [N=12 |[N=14
0 1 R -17.25 3.53 -1.59
30 0.866 e - 4.45 7.59 -1.32
60 0.50 . 65.48 3.53 -1.32
Table 3. Percent Error in Power for Various Quantizer Resolutions (N)

and Power Factors. V =1, 1 = (.01

-16~



Base case tests with no quantization were performed to establish
the fundamental accuracy of the simulation. These tests revealed that
the fundamental accuracy is within 0.01%, and the base case error is
due to the numerical integration techniques used to simulate the

integrate-and-dump sampler.

-17-



5. HARDWARE CONSIDERATIONS

5.1 Sampling Schemes

An integrate-and-dump sampler is preferred over the conventional Tow-
pass filter/impulse sampler since it is less complicated. However, as
shown in the development of the algorithm, either approach is acceptable.

Note that it is necessary to sample the current and voltage inputs
simultaneously. The effect of staggered sampling is to introduce an
artificial phase shift between the input quantities. This effect could
be used to advantage to cancel any known phase shift between the current
and voltage caused by the sensors.

5.2 Analog-to-Digital Conversion

The simulation results reveal that a twelve-bit analog-to-digital
converter (ADC) is sufficient to provide better system performance than
is offered by conventional metering techniques.

5.3 Digital Processor

A Tow-cost eight-bit microprocessor, such as the Motorola 6800 or
Intel 8080, should provide sufficient throughput capabilities to compute
P and Q on three phases, with averaging periods from one cycle to in
excess of one second. The memory requirements appear modest: Tess than
100 bytes of random-access-memory (RAM), and Tess than one kilobyte
of read-only memory (ROM). It may be feasible to use a processor chip
which contains integral RAM and ROM. Such an implementation appears
especially economically attractive.

5.4 Data Display and Qutput

Local data display of P and Q is feasible using Tow-cost LED or LCD
devices. Since other computer systems are now widely deployed in sub-
stations for control and monitoring, it is feasible to display the meter
output quantities on the CRT or printer of the substation computer. This,
of course, requires a simple digital interface between the metering pro-

cessor and the substation computer.

-18-



If watt-hour or VAR-hour data are required, the substation computer
provides a convenient tool for performing the numerical integration of
P and Q. However, the low computational burden of the algorithm should
leave sufficient processor capability to perform these computations within

the revenue meter itseif.

5.5 Current and Voltage Sensors

The accuracy attainable using the metering algorithm and well-designed
sampling, conversion and processing hardware ultimately depends on the
quality of the current and voltage sensors. Fortunately, the metering
hardware can be designed to present an extremely low burden to the sensors.
The Tower Timit of burden is determined by noise considerations in the
electronics; however burdens below one volt-ampere are certainly achievable.
Furthermore, the meter input impedances can be assumed to be linear,
known, and purely resistive over the frequency range of interest. As men-
tioned earlier, any known, constant relative phase shift introduced between
the true voltage and current by the sensors is easily compensated for by
employing staggered sampling of the inputs. Constant ratio errors can be
compensated for by adjusting the gains of the input channels.

Sensor ervors which are more troublesome are ones which depend on the
value of the measured quantity. For example, the excitation current in
a magnetic CT is a nearly constant percentage of the measured current for
currents above, say, ten percent rated current, and below saturation. But,
for smaller currents, nonlinearities about the origin of the hysteresis
curve tend to cause an increase in the percentage of magnetization current.
A practically-unattractive but technically-feasible cure would be to use
two CT's: one for high accuracy at rated current; another for high accur-
acy at a small fraction of rated current. The microprocessor could be

programmed to accept the appropriate input.

-19-



6. SUMMARY AND CONLUSIONS

The digital algorithm theoretically provides a high-accuracy means
to determine P and O from voltage and current inputs. From a practical
standpoint, overall system accuracy is limited by sensor capabilities.
However, implementations are feasible which compensate for ratio errors
and known phase errors. Many sensor problems should be obviated by the
Tow-burden requirements of a practical implementation.

Noise and harmonic analyses demonstrate the capabilities and limi-
tations of the algorithm, as well as the predictability of its performance
as a function of noise and harmonic content. When the harmonic analysis
was performed, the power computed using the algorithm was compared to
the true power, i.e., the power at system frequency and at harmonics of
system frequency. Small errors resulted from reasonable assumptions on
harmonic content. It is perhaps an open question whether a revenue meter
should measure true power or power at system frequency only. If the
latter is desired, simple Tow-pass filters at the input could be used to
eliminate harmonies. 1In such a case, the traditional low-pass filter/
impulse sampler is preferred over the integrate-and-dump sampler.

Applications of the algorithm could include the following:

1) Revenue Metering
a) Substation and central station
b) Industrial customers
¢) Local and remote-reading watt-hour metering for
residential applications
2} Laboratory Metering
a) Low burden

b) Accuracy in excess of 0.1% is straightforward

3) Relaying

a) Extremely sensitive reverse-power relay for urban
subtransmission and distribution

b} Motor and generator protection.
¢) Power differential schemes

20~
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