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Introduction

One way of extending knowledge is to dissect the basics. The ability to use information is often ham-
pered by a lack of understanding of our most fundamental tools. In the application of protective relays,
phasors are the bedrock of virtually every concept and principle we encounter. To misunderstand or
lack perception in the use of phasors will certainly hamper ones effectiveness as a relay engineer. It
is, therefore, appropriate that we review this vital principle and explore some of its modern
extensions.,

Historical Background

C.L. Fortescue told us in 1933 that the quantity i = V1, or j as we use it in electrical engineering had no

physical significance as late as 1770. Euler had introduced €19 = cos § + i sin 6, and it was treated as a

"rather absurd algebraic deduction". With the benefit of hindsight, it is obvious that insertion of

T
6=0, 6..5 ,0=m 0 =

ngf

shows that this is a rotating vector, having values of 1, i, -1 and -i.

Phasors

Now it can be seen that el®T = cos Mt + i sin O, and that the imaginary part of l0% - 5in @t. In the

more familiar electrical engineering form, then, the imaginary part of &f®!=sin Wt. The imaginary
part can be plotted by using the vertical projection of the phasor (a vector that rotates with time) as
the phasor rotates. That is shown in Figure 1. This type of diagram is used to represent voltages and

currents such as Vm sin 0t where Vm is a scalar multiplier to modify the diameter of the circle and
the peak of the oscillating quantity in Figure 1.
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Figure 1. Generation of a Sine Wave by a Phasor




It can be seen that rotation generates a sine wave. Note that, to do this, the phasor must be represented
by its peak value not its RMS value. Phasors are generally manipulated, however, using RMS values.
They are generally shown for a single frequency. Two phasors can be added together only if the fre-
quencies are identical or if provision is included for different speeds of rotation of the phasors repre-
senting the fundamental and the harmonic frequency components. This is described in Figure 2. Using
microprocessor techniques, continuously varying voltage and current inputs are translated to digital
form for examination. Only instantaneous samples are made available to the microprocessor through
the orderly process of checking one quantity at a time (multiplexing) and retaining it long enough to
read it (sample and hold). Sampling a waveform at a high rate produces some interesting effects

where harmonics are present.

SIN wt + KSIN 5wt

Figure 2. Phasor Representation for Fundamental and Fifth Harmonic

In Figure 3 we see an interesting example of a seventh harmonic imposed upon a sinusoid. If we assume
a sampling rate of 8 times per cycle of the fundamental, the apparent ellipsoid in 3A is generated. The
point by point projections on the vertical, are identical to those for the smaller diameter circle shown,
and sampling this signal in this way could produce appreciable error. Figure 3B attempts to show this
using sinusoids. Thus, we have the phenomenon referred to as aliasing. It is the effect of a high fre-
quency component taking on the identity of a lower frequency. By using the Nyquist criterion that dic-
tates a sampling rate at least twice the highest signal frequency, this error can be avoided. Another
way of saying this is that an anti-aliasing (low pass) filter must be applied to input circuits of relays.
It must attenuate adequately the higher frequencies which might produce this problem while not in it-
self impairing the transient response of the relay. Other means of handling that data, such as asyn-

chronous sampling, avoid this analog filter requirement.



Polarity

The use and display of polarity has lost
its vital character to many of those who
are applying relays. Without a proper re-
spect for polarity, the errors of the past
will most assuredly recur and take their
toll.

Figure 4 shows the voltage drop relation-
ships that exist for a two winding trans-
former. The butterfly diagram often
shown in text books with primary voltage
and secondary voltage (two more confus-
ing and redundant terms except to a trans-

former designer) essentially 180° from one
another can be constructed by considering
one of the voltages to be a voltage rise
and the other to be a voltage drop. A re-
lay engineer will find a great deal of com-
fort in dealing only with voltage drops.
For a single-phase transformer, the polar-
ity convention is such that the voltage
drops from polarity to non-polarity are es-
sentially in phase and current into the po-
larity marker in one winding is essential-
ly in phase with current out the polarity
marker on the other winding.

For a single-phase transformer, the am-
pere turns of one winding equal the am-
pere turns of the other (ignoring the mag-
netizing requirements of the transformer).
The exact same conditions exist for each
core-leg of a three-phase transformer.

Figure 5 shows in (a) and (b), two distinct-
ly different wye-delta transformer connec-
tions but in (¢) a phasor diagram which is
correct for both. The nature of the NEMA
Standard connection is that the high
(line to ground) voltage leads the low
(line to ground) voltage by 30 degrees. A
corresponding angle exists between the
currents in the leads on the two sides of
the transformer. This is true irrespective
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of which winding is connected in delta and

HIGH

which in wye. While transformers can be eas- voLTGE

ily constructed with the opposite phase
shift, economics encourages the use of the
NEMA Standard configuration for wye-delta
transformers.

e=N d¢/dt

(al

Untold misery in manipulating phasor dia-
grams has been generated over the years by
the insistence on the use of the minus sign in:

e= —Nd¢/dt

without identifying whether e is a voltage o>
rise or a voltage drop and if it be a voltage

rise then from what to what. This can be clar-
ified by recognizing that the flux under con- A
sideration is magnetizing flux. If the source is 1 1p 1a’

{c)

connected to terminals a and b of Figure 4,

with ¢ and d open, a lagging current, Iop will Figure 5. NEMA Standard Connections and Phasor
Diagram

flow. A voltage drop will be generated from
a to b that will essentially equal the applied voltage. If the magnetic circuit were linear, the flux
would be in phase with IpoB. Using:

e = Nd¢/dt

and observing Figure 6, all of this seems to be clear.

The minus sign in the classical expression simply connotes that the induced voltage caused by flux
change in a closed coil is in such a direction as to cause current flow that will oppose the change in flux.
This is a rather heavy burden for a minus sign to carry.

Current Relay Example

The example of Figure 7 points out the desirability of ignoring the minus sign, and dealing instead with
the phenomenon.

I (increasing) produces ¢, the center-pole flux. The right pole flux is caused to lag this flux by the "lag

coil" current Is. This causes the left-pole flux to lead. Currents are induced in the disc by these three
pole fluxes in the directions shown (producing flux opposing the change). The disc currents then react
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Figure 6. Phase Diagram Showing e = Nd{t

with the adjacent pole flux to produce torque. Though some of these apparent torques are shown in the
counter-clockwise direction, all torques are in the clockwise direction as a result of the fact that some of
these currents and fluxes have more than 90° between them and the effect is related to the cosine of the

angle. Above 90° the cosine becomes negative
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Three-phase phasors
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In light of our understanding of phasors relat-

ing to single phase phenomenon, three phase

and thus the torque is negative. 1¢
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point of frequent difficulty is the relative di-
rection of the phase-to-phase quantities. Pro-
. . DISC
vided we stay with the concept of voltage
drops, this ceases to be a problem. Figure 8
shows the peak voltage phasors frozen at

time tf. Note that, at this instant, the instan- I
. RPPARENT TOROLES
taneous magnitudes of VBG and VCG are ¢ / Lo e RULE
equal and therefore VBC = 0. A short time \ / P H‘%TO%IJE%RPNUGIES
0ps . . 1 cos <
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to be negative. Thus VBC, at this time, is def- — -

initely positive. VBC must be in the position
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shown on the phasor diagram with its projec- e
tion on a vertical line increasing in the posi- b
tive direction as rotation continues, rather -
than being in a position 180 degrees from Py
R

there, where its projection would be negative

as rotation continues. Figure 7. Overcurrent Relay Torque Production
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Symmetrical Components

Symmetrical components are ex-
tracted from a set of unbalanced
phasors by using:

Ia1=1/3 (A +alB + a%lQ)
Ia2 =1/3 (1A +a21IB +alQ)

IAO=1/3(0a+IB+1Q)

wherea =1/ i20__

A microprocessor technique allows
the addition of a sampled value of
IA to a delayed sample of Ig and a
further delayed sample of IC

(with the delay corresponding to

120°), to obtain a sample of posi-
tive sequence current. A second sam-

ple constructed 120° later yields
the complete positive sequence pha-
sor. A similar approach, allows the
extraction of the negative and zero
sequence phasors from the unbal-
anced waveforms. All of this as-
sumes that each phase contains
only fundamental quantities or that
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Figure 8. Typical Set of Positive sequence Waveforms and the
Phasor Representation at tp

the contaminating frequencies are removed before sampling. Also, the peak magnitude of the funda-

mental must be constant for an accurate appraisal to resuit.

Polarizing

An understanding of polarizing is not mandatory to properly apply directional overcurrent and distance

relays, but it is a root technology. One can blindly follow standard connection procedures, but much

greater success will result from the knowledgeable application of sound fundamentals.

A polarizing quantity is simply a voltage or current phasor which has a predictable direction when

there is current flowing to a fault.

We speak of current flowing "up the neutral" of a transformer as being a criterion for a reliable polariz-

ing quantity for ground relay directional sensing. If we wait a half cycle, however, current will be



flowing "down the neutral." What is meant
is a polarizing quantity is available that al-
ways has the same phase relationship to cur-
rent flowing to a fault, irrespective of the lo-
cation of the fault.

Figure 9 illustrates zero sequence current po-
larizing. Io only in the faulted circuit has
the proper phase relationship with Ip to
produce operation. Ground relays in the oth-
er circuits restrain.

Note that Vp, a possible polarizing voltage,
always has a phase relationship with Ip
that is determined by the source zero se-
quence impedance Zps. It, then, is also a reli-
able polarizing source, provided that in a
stiff-source, long-line application, the volt-
age level is adequate to satisfy the sensitivi-
ty requirements of the relay. Similarly, neg-
ative sequence voltage may be used as a
polarizing quantity for a negative sequence
directional function.
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Figure 9. Polarizing

Figure 10 describes an interesting aspect of zero sequence voltage polarizing. It may be used to assign
the appropriate connection provided one is blessed with access to relay polarity markings. It is evi-
dent that the voltage transformers connected in wye-broken delta provide a path for the flow of zero
sequence current to a fault on the protected circuit. Also, it is observed that the polarity-marked ter-
minal for the relay must be on the right hand side. Further we notice that Vxy =3Vg = VAG + VBG +

Veg. Since the polarizing voltage must be Vyx (polarity to non-polarity), it must be concluded that

the polarizing voltage must be minus 3Vy.

Digital Filter

A simple expedient that may be applied to extract the dc component from an offset waveform is to use:

51-Sz-Sg+84:2‘/§.sin(wt+¢-45°)

and

82-83-S4+85=2\/§ cos (Wt + ¢ - 45°)

where sp, = consecutive samples taken 90° apart as shown in Figure 11.
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Figure 10. Choice of Polarity Location for Potential Polarizing

The first equation above gives a result that is proportional to the imaginary component of the phasor
under consideration and the second equation gives a result that is proportional to the real component.
This is dervied in the appendix.

Obviously a non-decaying dc component disappears in the S1- 52 - 53 + 54 process. Similarly a ramp-
down function (somewhat akin to a decaying exponential) experiences eradication in this algorithm.
With an exponential decay and four samples in the period corresponding to the primary circuit dc time

Sy S5

S3

Figure 11. Waveform Samples Taken From a Sinusoid



constant, the residue is approximately 8%. With eight samples occurring in the primary circuit time
constant, the residue after the first four samples, is less than 3%. Witha 3 cycle dc time constant the
error associated with the dc component of fault current is virtually eliminated (slightly over 1%). Also
using this four sample per cycle filter all of the even harmonics are removed.

Fourier Notch Filter

A distinct frequency can be extracted from a complex repeating waveform f(t) simply by multiplying
the function by the frequency of interest and integrating the product over a full period.

To

2
an = 2 f f(t) cos nwt dt
TO -To
2

To

2

ba= __Z_f f(t) sin nowt dt
Tor,
7z

where ap and by, are the complex coefficients, n is the order of the harmonic, 0 = 27tf and Tg is the peri-

od of the waveform. If we wish to extract the fundamental, for example, from a waveform containing

all discrete frequencies, an n of 1 would be entered in each of the integral equations above. Each inte-

grated product would contain only a fundamental value (;) and all harmonic values disappear. Then:

f,(t) =a, cos W t+b, sin Wt

Suppose, now, we want to do this with sampled values of f(t), and have an 8 sample per cycle sam-

pling rate. By having a unit sine wave stored in memory, with values for every /4 radians (slightly
more to accommodate the fact that all samples cannot reasonably be taken simultaneously, and they re-
quire a slight skewing), corresponding to the 8 samples per cycle, these values may be multiplied by
the sampled values of f(t) and the product summed in an accumulator for a total of 8 samples. The sum
will be proportional to the imaginary component of the fundamental. A cosine product is similarly gen-
erated by multiplying by stored cosine values to obtain the real component. The total phasor for the

fundamental can then be obtained. What has just been described is referred to as a "Fourier-Notch”
algorithm.




Leading Phase

In some important distance measuring algorithms, it is necessary to determine which of two phasors
leads the other. An example of this is the phase-to-phase algorithm of the MDAR transmission line
relaying system. If VAB - IABZC leads VCB - ICBZC, the relay operates. These are phasor

quantities.

Two phasors A = |A|/P_ =ax +jayand B = [B|/ 9 =bx+jby may be compared by examining the sine

of ¥, the angle between them:
siny, = sin(p-q) =sin pcos q - cos p sin g

siny = 2y Pﬁ 3 PZ.

ay by ax by

Since |A| and |B]| are always positive, their product is always positive. The sign of the sine is, then,
dependent solely on ay by - ax by. If this difference of products is positive, the sine is positive. A leads
B by 0 to 180 degrees if the sine is positive. It is important to see that only the difference in products is
required to determine which phasor leads the other. This determination makes very efficient use of
the microprocessor, requiring no divide function, no sine or tangent calculation and no table look-up.

Conclusions

The introduction of computer science into relaying has not lessened the importance of a knowledge of
fundamental phasor concepts. Power systems experts and programmers each have boundaries to their
knowledge, but fortunately these boundaries overlap. Only a close relationship and shared knowledge
between relay engineers and software experts can allow the creation of relays that utilize the ingenu-
ity of both.
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Appendix

For four samples per cycle:
Sy = sin (Wt+0)
S, = sin (Wt+$+90°)
S5 = sin (Wt+$+180°)
S4 = sin (Wt+$+270°)
S5 = sin (Wt+9)
S=8;-55- S3+ S, = sin (Wt+¢) - sin (Wt+¢) cos 90°
- cos (t+9) sin 90- sin (Wt+9) cos 180°
- cos (wt+9) sin 180 + sin (Wt+¢) cos 270°
+ cos (Wt+¢) sin 270°
S = sin (Wt+0) - cos (Wt+Q)
+ sin (Wt+§) - cos (Wt+¢)
S =2 sin (Wt+§) - 2 cos (Wt+0)
also sin (Wt+(-45) = sin (Wt+$) cos 45° - cos (t+9) sin 45°
=1/V2 [sin(wt+) - cos (Wt+)]

Thus S = 2V2 sin (0t+-45°)

Similarly S; =S, - S3- S4 + Ss, and

Sc =2V2 cos (Wt+§-45°)

The appendix shows that this procedure, using the sum and difference of samples, produces values that
are proportional to the real and imaginary components of the sine wave. From this, of course, the com-
plete sine wave may be established.
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